Development of a Prescribed Wake Model for Simulation of Wind Turbines  by Krause, Ludwig & Hübler, Clemens
1876-6102 © 2015 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of SINTEF Energi AS
doi: 10.1016/j.egypro.2015.11.438 
 Energy Procedia  80 ( 2015 )  342 – 348 
ScienceDirect
12th Deep Sea Offshore Wind R&D Conference, EERA DeepWind'2015
Development of a Prescribed Wake Model for Simulation of Wind Turbines
Ludwig Krausea*, Clemens Hüblera
aGerman Aerospace Center (DLR) - Institute of Flight Systems,Lilienthalplatz 7,38108 Braunschweig,Germany
Abstract
A prescribed wake model for the aeroelastic simulation of wind turbines is presented. It is derived from a free wake model in order to reduce 
computing time and only lose a minimum in accuracy at the same time. It determines the wake geometry dependent on several parameters 
according to the operation condition. First results for steady conditions are promising and show a significant reduction in computing time. 
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Nomenclature
஻ܰ number of blades
ாܰ,ிௐ number of radial vortex coordinates
ோܰா௏ number of rotor revolutions
ோܰ,ிௐ number of azimuthal blade positions
்ܰ,ிௐ number of azimuthal vortex coordinates
R radius of Rotor in m
ݎҧ௩ , ݖҧ௩ averaged cylindrical coordinates
T rotor thrust
ஶܸ undisturbed wind velocity
ݒ௜ induced velocity
w,v velocity deficit in longitudinal/ lateral direction
x,y,z Cartesian coordinates
Ȍ azimuthal blade position
ߖ௩ wake age
Ȧ rotational rotor speed
ʒ௩ vortex strength
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1. Introduction
Fast and accurate simulation tools are essential in the design and certification process of a wind turbine. Those tools have to 
be able to cover a broad range of aerodynamic loads on a wind turbine. A summary of these loads can be found in [1] and are 
depicted in Figure 1. Common aeroelastic simulation tools for wind turbines are mainly based on Blade-Element-Momentum-
Theory (BEMT). The BEMT approach is very fast and sufficient for many loadcases but lacks accuracy in the presence of highly 
unsteady and yawed flow. One of the sources which cannot be modelled by BEMT is the Blade-wake interaction. One self-
evident option to model Blade/wake interactions are vortex methods. When using vortex methods, the convection of the vortices 
is explicitly tracked through the wake of the rotor. For further information about vortex methods the interested reader should 
refer to the common literature, e.g. [2].
One can roughly distinguish between free wake and prescribed wake methods, where the wake geometry is given depending 
on several parameters (e.g. wind velocity ஶܸ, rotational speed Ȧ, thrust T etc.). Free wake modelling is generally more accurate 
than prescribed wake modelling. On the downside it takes about 1000 times longer, since the wake geometry is now part of the 
solution process itself. Considering the wide range of load cases needed in the design process of a wind turbine, computing time 
is an important factor to be considered. Therefore prescribed wake modelling offers an appealing trade-off between accurate 
modelling offered by CFD or free wake modelling and low computing time when using models based on Momentum Theory. 
Prescribed wake modelling is well-known within modelling of helicopter rotors. Common models are the ones from 
Landgrebe [3] for hovering flight and from Beddoes for forward flight [4]. These models cannot just simply be modified for the 
simulation of wind turbines because the above mentioned flight conditions differ clearly from the physical states present on a
wind turbine. Since wind energy rotors extract kinetic energy from the wind, the streamlines are expanding behind the rotor 
instead of contracting. Consequently, the wake geometry is totally different and the prescribed functions describing it cannot be 
simply adopted. The only flight condition of a helicopter comparable to a wind turbine is fast descending, also known as the 
windmill brake state. Kocurek [5] developed a prescribed wake model with a similar set of equation as in the model of 
Landgrebe, where he distinguished between 3 flight conditions: hover flight, vortex ring state and windmill brake state. Within 
his work Koncurek explicitly used this model for the simulation of a wind turbine with straight inflow. Wang [6] developed a 
prescribed wake model, where the wake geometry is a function of the induced velocity and divided into a far-wake and three 
near-wake region.
Within this paper a method to develop a prescribed wake model is described. Therefore, an in-house free-wake model is used
[7] to determine the vortex positions in the rotor wake and further process them in order to develop the prescribed wake model.
The freewake code is coupled with the in-house rotor dynamics code S4 [8], which provides the bound circulation along the blade 
among discrete aerodynamic allocations points, hence acting as a lifting line. It also superposes an additional wake deflection on 
the geometry dependent on the induced velocity distribution along the rotor, which is interesting for unsteady effects and BVI-
investigation. In addition the structural dynamics of the rotor and the flexible blades are included through S4 by a FEM-approach.
Presenting profound investigation into the ability of the tool to model Blade-wake interactions would go beyond the scope of this 
paper and will be presented in future publications. This paper mainly focuses on the development of the model and presents first 
results for uniform inflow. This is obviously not sufficient to prove the methods eligibility as a design tool. The main purpose is 
to indicate the potential of the method and to assess the fundamental assumptions implemented in the model.
2. The prescribed wake model
The new model is derived from data extracted from free wake calculations. The main goal is to obtain a considerably faster 
model which still delivers result of an acceptable accuracy. The basic procedure is to conduct free-wake simulation with varying 
rotor thrust, rotational and wind speed in order to reproduce several operational conditions. The resulting rotor wake is analyzed
and further processed. In Figure 3 the blade tip helix of the NREL 5 MW is shown as a result of a simulation with the in-house 
free-wake tool. This procedure results in a set of analytical functions, which describes the rotor wake dependent on the above 
Figure 1: Aerodynamic loads on wind turbines
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mentioned parameters: thrust, rotational and wind speed. For every operational condition a certain number of radial ாܰ,ிௐ and 
azimuthal ்ܰ,ிௐ vortex coordinates is saved per blade ( ஻ܰ = Number of blades) over ோܰா௏ rotor revolutions. To account for 
unsteady conditions, a certain number of azimuthal blade positions ோܰ,ிௐ are included. For each position ாܰ,ிௐ ή ்ܰ,ிௐ ή ோܰா௏ ή
஻ܰ points with the three respective Cartesian coordinates x,y,z have to be determined. From these coordinates the prescribed 
wake model is develop in seven steps:
The first step is extracting the above mentioned coordinates for all operating conditions. Second, the Cartesian coordinates of 
the vortices are transformed into cylindrical coordinates ݎҧ௩ and ݖҧ௩ (the coordinate systems are depicted in Figure 2). These 
coordinates are averaged over all blades and all azimuthal blade positions, as seen exemplary in (1) for ݎҧ௩ . Therefore a straight 
inflow has to be assumed. The transformation in the case of yawed flow is done at a later stage.
ݎҧ௩ =
1
஻ܰ ோܰ,ிௐ
ቌ෍ ෍ ݎҧ௩,௜௝
ேೃ,ಷೈ
௜ୀଵ
ேಳ
௝ୀଵ
ቍ (1)
In the third step a function is determined which connects the cylindrical vortex coordinates to the wake-age ߖ௩ . For the axial 
coordinate ݖҧ௩ a linear relation to ߖ௩ is assumed. This can be justified by the following considerations: The vortices are convected 
in axial direction mainly due to two reasons: the self-induced velocities and the wind speed. The non-uniformity of the self-
induced velocities is replaced by assuming a linear behaviour. This is obviously a simplification but results from the analysis of 
the free-wake calculation results show only minor deviations from a linear behavior. For the radial coordinate ݎҧ௩ a quadratic 
approach is chosen, which is acceptable since higher order approaches do not yield a noticeable higher accuracy but destabilize 
the simulation. The data fitting is conducted using the least square method [9] (s .equations (2) und (3)). The coefficients ܽ௫,ܾ௫
depend on all the relevant parameters (T, Ȧ, ஶܸ)
ݎҧ௩ = ܽଶߖ௩ଶ + ܽଵ ߖ௩ + ܽ଴ (2)
ݖҧ௩ = ܾଵߖ௩ + ܾ଴ (3)
In step four until seven the dependency on vortex separation radius, the wind velocity and the rotational speed has to be 
included stepwise. The procedure in all four steps is similar. 
ܽ଴ = ܽ଴ଷ൫ݎҧ଴,௦൯ ή ݎҧ଴ଷ + ܽ଴ଶ൫ݎҧ଴,௦൯ ή ݎҧ଴ଶ + ܽ଴ଵ൫ݎҧ଴,௦൯ ή ݎҧ଴ + ܽ଴଴൫ݎҧ଴,௦൯ (4)
ܽଵ = ܽଵଷ൫ݎҧ଴,௦൯ ή ݎҧ଴ଷ + ܽଵଶ൫ݎҧ଴,௦൯ ή ݎҧ଴ଶ + ܽଵଵ൫ݎҧ଴,௦൯ ή ݎҧ଴ + ܽଵ଴൫ݎҧ଴,௦൯ (5)
ܽଶ = ܽଶଷ൫ݎҧ଴,௦൯ ή ݎҧ଴ଷ + ܽଶଶ൫ݎҧ଴,௦൯ ή ݎҧ଴ଶ + ܽଶଵ൫ݎҧ଴,௦൯ ή ݎҧ଴ + ܽଶ଴൫ݎҧ଴,௦൯ (6)
ܾଵ = ܾଵଷ൫ݎҧ଴,௦൯ ή ݎҧ଴ଷ + ܾଵଶ൫ݎҧ଴,௦൯ ή ݎҧ଴ଶ + ܾଵଵ൫ݎҧ଴,௦൯ ή ݎҧ଴ + ܾଵ଴൫ݎҧ଴,௦൯ (7)
Figure 2: Coordinate Systems Figure 3: Free-wake visualization of the blade tip helix
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ܾ଴ = ܾ଴ଷ൫ݎҧ଴,௦൯ ή ݎҧ଴ଷ + ܾ଴ଶ൫ݎҧ଴,௦൯ ή ݎҧ଴ଶ + ܾܽ଴ଵ൫ݎҧ଴,௦൯ ή ݎҧ଴ + ܾ଴଴൫ݎҧ଴,௦൯ (8)
In the fourth step the coefficients have to be determined depending on the non-dimensional vortex separation radius ݎҧ଴. These 
coefficients exhibit a considerably non-linear behavior. Therefore ாܰ,ிௐ െ 1 cubic splines are used together with the coefficients
ܽ௫௫ and ܾ௫௫ to determine each of the five coefficients ܽ௫,ܾ௫ (s.(4)-(8)). This procedure repeats in step five to seven, where the 
operation conditions are included. Only the number of cubic splines can be reduced. Results of a sensitivity analysis have shown 
that four different values for thrust, rotational speed and wind velocity respectively are sufficient to produce acceptable results. 
How to determine the coefficient ܽଶଷ from equation (6) is shown in equation (9).
ܽଶଷ = ܽଶଷଷ൫ ଴ܶ,௦൯ ή ଴ܶଷ + ܽଶଷଶ൫ ଴ܶ,௦൯ ή ଴ܶଶ + ܽଶଷଵ൫ ଴ܶ,௦൯ ή ଴ܶ + ܽଶଷ଴൫ ଴ܶ,௦൯ (9)
In the same manner the coefficients ܽ௫௫௫ and ܽ௫௫௫௫ when including wind velocity and rotational speed are obtained. To 
estimate the effort of developing the prescribed wake model, one can look at the maximum number of free-wake simulation runs 
necessary to derive the prescribed wake model. As above mentioned, four different values each for thrust, rotational speed and 
wind velocity are needed leading to a maximum of 4ଷ=64 free-wake runs to be conducted. This number can be reduced 
significantly if including only reasonable combinations (e.g. high thrust does not occur at low wind speed). Another important 
performance factor is the number of coefficients (ܽ௫ , ܾ௫, ܽ௫௫  ,ܾ௫௫ etc.) required. For the cylindrical coordinate ݎҧ௩ 3 ή 4ସ = 768
(3 coefficients ܽ଴ ,  ܽଵ ,  ܽଶ each depending on four coefficents each including the dependencies on ݎҧ௩ , T,  ஶܸ and Ȧ) and 
simultaneously 2 ή 4ସ = 512 coefficients for ݖҧ௩. Multiplied with the 10 ή 3ଷ spline-sections a total maximum number of (768 +
512) ή 270 = 345600 coefficients are derived. This number covers the whole operation range. For a particular operational 
condition this number reduces significantly (e.g. for constant  ஶܸ and Ȧ to 1440). 
2.1. Implementation into the rotor dynamics code S4
The bound circulation needed for every code based on vortex theory correlates with the lift and the velocity on the blade 
according to the Kutta-Joukowski theorem. The lift is calculated within the rotor dynamics code S4, which also incorporates 
unsteady effect, e.g. dynamic stall (Beddoes-Leishman Model), airfoil motion and gust problems. For further information about 
the S4 please refer to [8]. Besides providing the prescribed wake model with the necessary input parameters (thrust, bound 
circulation etc.), S4 superposes an additional vortex geometry field due to the induced velocity caused by changes in the load 
distribution over the rotor disc [10], [11]. This is relevant for highly unsteady cases and BVI-investigations and will be dealt with
in upcoming publications. Wind shear is taken into account by the same method. The whole calculation can be described in a 
very simplified way as followed:
1. S4 reads relevant rotor and load case specific data from input file (e.g. aerodynamic profile data, tip speed ratio, 
radius etc.)
2. Determine initial thrust from simple momentum theory considerations
3. Generate wake geometry according to the previous section 
4. Calculate induced velocity at the rotor blades according to Biot-Savart-Law
5. Calculate lift and drag forces in S4 including unsteady effects
6. Calculate rotor thrust; if it differs significantly from the initial thrust go back do 3.
In the case of yawed flow, the wake geometry can just be transformed according to the yaw angle. This is a simplification but 
has been proven to deliver acceptable results [6].
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3. Results
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Figure 4: Flap deflection at 8 m/s wind speed with prescribed (red), free-wake(black) and BEMT (green)
Figure 5: Flap deflection at 11 m/s wind speed with prescribed (red), free-wake (black) and BEMT (green)
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Figure 6: Normal force per unit length at 8 m/s wind speed for prescribed (red), free wake (black) and BEMT (green)
Figure 7: Tangential force per unit length at 8 m/s wind speed for prescribed (red), free wake (black) and BEMT (green)
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The result presented in this section focus on the accuracy of the new prescribed wake model and its computation time. Since 
the prescribed wake model has been derived from a free-wake model, it is reasonable to compare results from those two tools 
together. For further verification the results are also compared to BEMT simulations.
The results for the global values Power, Torque and Thrust at straight and yawed inflow for BEMT, free wake and prescribed 
wake calculations differ less than 0.5 % from each other. The same accounts for the flapping deflection as shown in Figure 4 to 
Figure 7 for straight inflow at wind velocities of 8 and 11 m/s.
One of the mains reasons to develop the prescribed wake model is the potential of saving an enormous amount of computing 
time. Therefore the CPU-time for the load case from Figure 4 to Figure 7 have been compared and normalized on the time a 
simple BEMT Code needs for the same task. Nevertheless, the theoretical factor of about 1000 concerning the computing time is 
not reached within the prescribed wake code.
Table 1: CPU Time for different modelling approaches
BEMT Prescribed Wake Free Wake
CPU-Time 1 208 24700
Within this paper the development of a new prescribed-wake model derived from a free-wake model has been presented. It 
has been shown for simple load cases that there is almost no loss in accuracy but a huge amount of saving in CPU-Time. On the 
downside deriving the prescribed wake model takes some effort and many free wake calculations in advance are needed, so 
applying this newly proposed model is only reasonable when a huge amount of load cases have to been calculated. It also has to
been added that highly unsteady conditions have not been tested so far and might lead to discrepancies. This has to be tested in 
the future work and the model might have to be extended. As mentioned above, one of the main assets of vortex methods is the 
ability to model Blade-vortex interactions. These investigations will be presented in follow-up publications to show the full 
potential of the new developed prescribed wake model.
References
[1] J. G. Leishman, “Challenges in Modelling the Unsteady Aerodynamics of Wind Turbines,” in AIAA, Reno, NV, USA, 2002. 
[2] J. G. Leishman, Principles of Helicopter Aerodynamics, Cambridge University Press, 2006. 
[3] A. Landgrebe, “An analytical and experimental investigation of helicopter rotor hover performance and wake geometry 
characteristics,” USAAMRDL Technical Report 71-24, 1971.
[4] T. Beddoes, “A wake model for high resolution airloads,” in International conference on Rotorcraft Basic Research, North 
Carolina, USA, 1985. 
[5] D. Kocurek, “Lifting surface performance analysis for horizontal axis wind turbines,” Solar Energy Research Instiute -
Technical Report SERI/STR-217-3163, 1987.
[6] T. Wang, PhD thesis - Unsteady Aerodynamic Modelling of Horizontal Axis Wind Turbine, Glasgow, 1999. 
[7] B. G. van der Wall and M. Roth, “Free-Wake Analysis on Massively Parallel Computers and Validation with HART Test 
Data,” in 53rd Annual Forum of the American Helicopter Society, Virginia Beach, VA, USA, 1997. 
[8] B. G. van der Wall and J. Yin, “DLR’s S4 Rotor Code Validation With HART II Data: The Baseline Case,” in 1st 
International Forum on Rotorcraft Multidisciplinary Technology, Seoul, Südkorea, 2007. 
[9] J. Kiusalaas, “Numerical Methods in Engineering with MATLAB,” Cambridge University Press, 2010.
[10] B. G. v. d. Wall, “Der Einfluß aktiver Blattsteuerung auf die Wirbelbewegung im Nachlauf von Hubschrauberrotoren,” 
DLR - Forschungsbericht 1999-34, Braunschweig, Germany, 1999.
[11] B. G. van der Wall, “Extensions of prescribed wake modelling for helicopter rotor BVI noise investigations,” CEAS 
Aeronautical Journal, p. 93 ff, 2012. 
